In the extended quasidilaton massive gravity, in a modified unitary gauge, we perform a nonlinear transformation of the shift vector so that the Hamiltonian density of the system becomes linear in the lapse function. It is then straightforward to find the primary constraint that removes the (would-be) Boulware-Deser ghost. This refutes a recent claim against the consistency of the theory.
I. INTRODUCTION
The history of massive gravity dates back to 1939, when Fierz and Pauli found the unique Lorentz-invariant linear theory without ghost. Since then, there has been significant amount of progress on the subject, including a number of important developments in early 1970's such as discoveries of the vDVZ discontinuity [2, 3] , the Vainshtein mechanism [4] and the Boulware-Deser (BD) ghost [5] . However, it is only recent when a fully nonlinear massive gravity without BD ghost, called dRGT theory, was discovered [6, 7] .
Having a good candidate theory of massive gravity, it is natural to ask whether we can apply it to cosmology. Actually, it has been expected that modification of gravity due to graviton mass may lead to cosmic acceleration without dark energy. Unfortunately, it was recently reported that all homogeneous and isotropic cosmological solutions in dRGT theory are unstable [8] . Two options have thus been suggested: (i) to change the background, or
(ii) to change the theory. The first option involves breaking of either homogeneity [9] or isotropy [10, 11] of the background configuration. The second option involves inclusion of extra degrees of freedom, either an extra scalar field [12, 13] or an additional spin-2 field [14, 15] .
The first example of a unitary theory of Lorentz-invariant massive gravity, with all degrees of freedom propagating on a strictly homogeneous and isotropic (FLRW), self-accelerating de Sitter background, was recently proposed in [16] . The theory is an extension of the quasidilaton theory originally proposed in [12] , with a new coupling between the massive graviton and the quasidilaton scalar. Both the new coupling, which is denoted as α σ , and the canonical kinetic term of the quasidilaton, whose coefficient is denoted as ω, are essential for the stability of the self-accelerating de Sitter solution: α σ = 0 provides interaction that mixes the quasidilaton and the Stückelberg fields while ω = 0 provides interaction that mixes the quasidilaton and the physical metric. In this fashion, all three parts can interact with each other in a non-trivial way, and thus all together help evading the no-go result of [17, 18] .
The quasidilaton global symmetry allows for inclusion of Horndeski terms [19] with shiftsymmetry as well. Those new terms introduce further interaction between the quasidilaton and the physical metric. Hence the shift-symmetric Horndeski terms may assist or/and play the role of the ω term [20] . Again, for any combinations of shift-symmetric Horndeski terms (and the ω term), the inclusion of the α σ term is necessary for the stability of self-accelerating FLRW de Sitter solution.
On the other hand, the DBI-type kinetic term (the term already suggested in [12] , and the one proportional to the parameter ξ in the notation of [17] ) does not help stabilizing the self-accelerating de Sitter solution [20] since it only mixes the quasidilaton and the Stückelberg fields and thus does not induce the kind of interaction that is provided by ω = 0 (or the shift-symmetric Horndeski terms). This has an important implication to the relation between the extended quasidilaton massive gravity and the DBI Galileon coupled to massive gravity (DBI massive gravity) [21] : there is no overlap between these two theories if we demand the stability of the self-accelerating FLRW de Sitter solution [20] .
At the level of linear perturbations around the self-accelerating de Sitter solution in the extended quasidilaton, it was explicitly shown in [16] that there is no BD ghost, nor any type of instabilities whose time-scales are parametrically shorter than the cosmological timescale. On the other hand, the argument for the absence of BD ghost at fully nonlinear level so far relies on arguments in the DBI massive gravity [22] . However, as mentioned above, there is no overlap between the extended quasidilaton and the DBI massive gravity if we demand the stability of the self-accelerating FLRW de Sitter solution. For this reason, it is necessary to provide an independent argument for the absence of BD ghost at fully nonlinear level in the extended quasidilaton. Generally speaking, in massive gravity it is not trivial to find the primary constraint that removes the BD ghost. For example, the author of a recent preprint [23] failed to find the primary constraint in the extended quasidilaton, and interpreted his failure as the absence of the primary constraint (at least in the first version of the preprint). The purpose of the present paper is to derive the primary constraint that removes the (would-be) Boulware-Deser ghost.
The rest of the paper is organized as follows. Sec. II briefly reviews the action of the extended quasidilaton massive gravity. In Sec. III we perform a nonlinear transformation of the shift vector of the physical metric, using the formalism developed in [24] . In Sec. IV it is shown that the Hamiltonian of the system in a modified unitary gauge, when written in terms of the new set of variables, is linear in the lapse function. It is then straightforward to find the primary constraint. Sec. V is devoted to a summary of the paper.
II. EXTENDED QUASIDILATON
The action of the extended quasidilaton is given by
where σ is the quasidilaton scalar, R is the Ricci scalar of the physical metric g µν and the graviton mass terms are specified as
and
Here,f µν is a combination of the Minkowski fiducial metric η ab = diag(−1, 1, 1, 1), the derivatives of the Stückelberg fields ∂ µ φ a (a = 0, 1, 2, 3), the quasidilaton σ and its derivative
Note thatf µν defined here is related tof µν introduced in [16] as
When α σ = 0, the system reduces to the original quasidilaton theory proposed in [12] .
The action, with or without the coupling α σ , enjoys the quasidilaton global symmetry,
as well as the Poincare symmetry in the space of Stückelberg fields
III. NONLINEAR TRANSFORMATION OF SHIFT VECTOR
Let us adopt the ADM decomposition of the physical metric as
where N (> 0), N i and γ ij are the lapse function, the shift vector and the spatial metric. It is also convenient to define M (> 0), M i and q ij via the ADM decomposition off µν as
Concretely,
where q ij is the inverse matrix of q ij .
In order to find a primary constraint, following [24] , we perform a nonlinear field redefinition from the original shift vector N i to a spatial vector n i via the following relation.
where M i is the shift vector off µν as defined above, and D i j is a matrix defined as follows.
The matrix D i j satisfies the following identities.
where
What is important here is that x, Q 
IV. PRIMARY CONSTRAINT
Let us begin with fixing the gauge degrees of freedom as
for whichf µν defined in (4) isf
whereα
This gauge choice is possible as far asσ = 0, where an overdot represents time derivative.
Hereafter, for concreteness we suppose thatσ > 0. The ADM decomposition off µν then leads to
Note that the dependence of the matrix D i j , defined in (12), onσ is nonlinear. To simplify the dependence onσ, we perform another field redefinition from n i to a new vectorñ i via
and definex,Q
so that
Hereafter, we consider N,ñ i (instead of N i or n i ), γ ij and σ as independent variables. It is then easy to see thatx,
For simplicity let us consider the minimal model of extended quasidilaton, by setting α 3 = α 4 = 1. We shall consider general cases later. With α 3 = α 4 = 1, the graviton mass term is simplified as
By introducing momenta π ij conjugate to γ ij and replacing N i with the r.h.s. of (23), the minimal action for the extended quasidilaton theory is written as
3 R is the Ricci scalar of γ ij and D i is the covariant derivative compatible with γ ij .
The canonical momentum conjugate to σ is
Hence we havė
The Lagrangian density is now written as
and the Hamiltonian density is
The equation of motion for N,
is independent of N. The equations of motion forñ k ,
is also independent of N. Hence, after solving the set of equations (35) forñ k and substituting the solution to C 0 , (34) becomes a non-trivial equation among (γ ij , π ij , σ, π σ ) without dependence on N. This is the primary constraint that removes the (would-be) BD ghost.
We have explicitly shown the existence of the primary constraint that removes the (wouldbe) BD ghost for the minimal model of extended quasidilaton massive gravity. Following [24] , extension of this result to general values of α 3 and α 4 is straightforward [25] .
V. SUMMARY AND DISCUSSIONS
We have shown that, in a modified unitary gauge, the Hamiltonian of the extended quasidilaton theory proposed in [16] is linear in the lapse function once a nonlinear transformation of the shift vector is performed. We have then explicitly shown the presence of the primary constraint. Thus the recent criticism made in [23] against the consistency of the extended quasidilaton massive gravity was refuted.
In the case of the dRGT theory, the presence of not only the primary constraint but also the secondary constraint was shown explicitly [26] . These two constraints all together remove the (would-be) BD ghost. The result of the present paper, i.e. the presence of the primary constraint, should thus be followed up by studies of the corresponding secondary constraint. The existence of the secondary constraint will be reported elsewhere [25] .
